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Spatially correlated temperature fluctuations in turbulent convection

Sheng-Qi Zhou and Ke-Qing Xia*
Department of Physics, The Chinese University of Hong Kong, Shatin, Hong Kong, China

~Received 27 July 2000; published 27 March 2001!

By measuring the degree of spatial correlation in temperature fluctuations at two points separated by a
distance perpendicular to the mean flow, we are able to determine the viscous boundary layer thickness in
turbulent convection. We demonstrate this method using water as the working fluid and find excellent agree-
ment with directly measured results. Furthermore, from the most probable delay time for a thermal disturbance
to successively pass the two temperature probes, we deduce the width of the mixing zone and again find very
good agreement between the value obtained and that predicted by theory.
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I. INTRODUCTION

One central focus in studies of turbulent convection is
determine how the efficiency of heat transport~i.e., the Nus-
selt number Nu! depends on the Rayleigh number Ra, whi
measures the relative strength of buoyancy to dissipat
More importantly, the main question has been: What is
real mechanism that dictates heat transport, or the Nu an
relationship, in the turbulent state of thermal convectio
The discovery of the hard turbulence state is a major de
opment in the studies of thermal convection@1#. A defining
feature of hard turbulence has been the power law dep
dence Nu;Rab with the exponentb52/7. This result is now
being challenged both experimentally and theoretica
Questions arise as to whether the value ofb is 2/7 @2#, or
even whether there should be a single power law@3,4#. In our
view, the verdict is still out at the moment. One thing
clear, however; these studies have made it more apparen
global measurements, such as Nu vs~Ra, Pr!, are not enough
for a full understanding of the turbulent convection proble
Rather, one needs to make quantitative measurements o
local properties of the temperature and velocity fields, s
as boundary layer thickness and shear rate, and test som
the specific predictions and assumptions concerning lo
quantities made in the various theoretical models.

The thermal and viscous boundary layers in the conv
tion cell play key roles in determining the efficiency of he
transport and the various scaling and statistical proper
The first experimental study that systematically measured
Ra dependence of the viscous boundary layer in the h
turbulence state was carried out by Belmonte, Tilgner,
Libchaber~BTL! @5#. Using an indirect technique—the coin
cidence between the peak position of the cutoff freque
~the highest excitation frequency above noise level! of the
temperature power spectrum and that of the velocity in th
respective profiles with distance from the boundary—th
authors found that in pressurized SF6 gas the thickness of th
viscous boundary layer (dy) follows the thermal boundary
layer for 106<Ra<107, remains more or less constant f
107<Ra<109, and scales as Ra20.44 ~which the authors ap
proximate as Ra20.5) for Ra>23109 all the way to the
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highest Ra reached in the experiment (;1011). In a later
experiment using a direct light scattering technique@6#, we
found that in waterdy;Ra20.16, which holds in four convec-
tion cells with a combined range of Ra spanning from 107 to
1011 @7,8#. So within a substantially overlapping range of R
the two experiments give quite different results fordy , albeit
for systems with different Prandtl numbers. Because the
incidence between the peak position of the cutoff freque
and that of the velocity was observed at a single Rayle
number in water@5#, when BTL applied it to a gas they mad
two implicit but important assumptions:~1! this coincidence
is valid for other values of Ra, and~2! it holds for other
Prandtl numbers (Pr.7 in water and.0.7 in gas!. Since this
‘‘power spectra method’’ was introduced, it has been used
many different fluids with Pr ranging from;0.025 ~mer-
cury! to ;103 ~glycerol! @9,10#, and without explicit experi-
mental verification.

We have recently tested the power spectra method in
ter for a range of Rayleigh numbers that span almost
decades and found that the length scale determined by
method indeed agrees well with the directly measu
boundary layer thickness. But our test was inconclusive
cause a major justification given for this method was n
borne out in water@11#. Since this justification places spe
cific requirements on the properties of thermal plumes,
result raises questions about the validity of generalizing
power spectra method to fluids of different Prandtl numbe

Another motivation for developing a technique to dete
mine the viscous boundary layer thickness in nonaque
fluids is related to the search for the ultimate state in tur
lent convection, which has attracted much attention in rec
years@12#. As predicted by Kraichnan in the 1960s, at ve
high Rayleigh numbers turbulent convection will enter
asymptotic state in which Nu}Ra1/2 @13#. Thus heat is trans-
ported more efficiently in this ultimate state than in the ha
turbulence state where Nu}Ra2/7. More recently, Shraiman
and Siggia also suggested the existence of this asymp
state in their model for turbulent convection@14#. Although
the two models are based on somewhat different argume
both place explicit requirements on the behavior of the v
cous boundary layer. In an experiment conducted in m
cury, Glazieret al. reported that this ultimate state does n
exist@15#, thus contradicting an earlier claim for its existen
by Chavanneet al. @16#. One of the arguments used by Gl
©2001 The American Physical Society08-1
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zier et al. to dismiss the ultimate state is that their visco
boundary layer became thinner than the thermal one and
they still observed Nu}Ra2/7. However, their viscous bound
ary layer thickness was obtained by using the power spe
method@17#. Since mercury and helium are perhaps the m
promising fluids with which to search for the asympto
state, it is important that a viable technique suitable for th
fluids be developed for determining the viscous bound
layer thickness. This would enable one to verify some of
specific predictions about the ultimate state, in addition
the important Nu measurements.

We present here a method for determining the visc
boundary thickness that utilizes the variation of the spa
correlations between temperature fluctuations at different
cations in the convection cell. In addition, we also study
interplay between coherent thermal structures~plumes and
thermals! and large-scale flow by investigating the behav
of the most probable time delay in the cross-correlation fu
tion of temperature fluctuations between two spatial poin
From the profile of the delay time with height, we identify
length scale and associate it with the width of the mixi
zone. The concept of a mixing zone was first proposed
Castainget al. in their model for hard turbulent convectio
@18#. It is a key ingredient in that model and specific pred
tions for both its Ra dependence and its magnitude have b
made@18,19#. But to the best of our knowledge no quantit
tive measurements have been done on the width of the m
ing zone.

II. EXPERIMENT

The convection cell used in the experiment has been
scribed in detail previously@20#; we mention here only its
key features. As shown in Fig. 1, it is a vertical cylinder
height 19.6 cm and of inner diameter 19 cm. The top a
bottom plates are made of copper and the sidewall is mad
Plexiglas. The control parameter in the experiment is
Rayleigh number Ra5agL3D/nk, with g being the gravita-
tional acceleration,L the height of the cell, anda, n, andk,
respectively, the thermal expansion coefficient, the kinem
viscosity, and the thermal diffusivity of water. The varyin
range of Ra in the experiment was from 23108 to 231010.
During our experiment, the average temperature of the w
in the convection cell was kept near room temperature
only the temperature difference across the cell was chan
In this way, the variation of the Prandtl number Pr5n/k is
kept at a minimum (Pr.7).

The local temperatures are measured using two t
mistors 300mm in size with a time constant of 10 ms@21#.
The thermistors are mounted on a syringe needle of 0.5
in diameter which in turn is soldered on a 1 mmdiameter
stainless steel tube. The thermistors traverse together v
cally along the central axis of the cell during measureme
Each of the thermistors and three other resistors form a
Wheatstone bridge that is modulated by a sinusoidal sig
of 1 kHz. The output of each bridge is fed to a lock-in am
plifier for demodulation and then sent to a dynamical sig
analyzer~HP35670A with four channels! for digitization and
recording. The voltage time series obtained is first conve
04630
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into a resistance and then a temperature series, using
brated conversion curves. From the temperature-time se
the cross-correlation function between the two thermistor
computed.

III. RESULTS AND DISCUSSION

A. Determination of the viscous boundary layer thickness

Cross-correlation flowmeters are commercially availa
industrial instruments that find wide applications in flu
speed measurements@22#. The basic principle of such instru
ments is simply to measure the time delay for a disturba
to successively pass two pointsspaced along the flow direc
tion. With respect to turbulent convection, the tw
temperature-probe cross-correlation technique has been
plied by many groups to measure the velocity of the lar
scale circulation near thesidewall of the convection cell
@23,16,2#. Because of the presence of strong temperat
fluctuations, however, the delay time and velocity are
related in any simple way near the conducting top and b
tom plates. Thus the time-delay method cannot be use
obtain velocity near these regions.

In our method~which does not measure velocity!, we
measure the cross-correlation function of temperature fl
tuations at two pointsspaced perpendicular to the mean flo
direction. The principle of the technique is based on the f
lowing observations. Near the top and bottom conduct
surfaces, the large-scale circulation acts like a horizon
wind that sweeps across the surface and creates the vis
boundary layer. Because of the presence of strong s
within the viscous layer, temperature fluctuations or inhom
geneities~such as coherent thermal objects! will have a much
reduced probability of propagating straight upward an
therefore, of being detected at locations directly above wh

FIG. 1. Schematic diagram of the convection cell with two mo
able thermistors.
8-2
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SPATIALLY CORRELATED TEMPERATURE . . . PHYSICAL REVIEW E 63 046308
they originate. In other words, if we have a pair of tempe
ture probes, one within the viscous layer and the other
rectly above the first one but outside the viscous layer,
correlation in temperature fluctuations at the two probe
sitions will be less than it would be if both were outside t
viscous boundary layer where viscous shear~or horizontal
velocity gradient! is much smaller. To test this idea, we co
duct our experiment in water for which directly measur
velocity boundary layer data are available for compariso

Figure 2 shows time series of the normalized tempera
fluctuations, dT(t)/^(dT)2&1/2 @dT(t)5T(t)2^T&#, mea-
sured by the two probes at various heightsz from the lower
probe to the bottom plate of the cell. The displayed tim
series are 2 min segments from 2 h long recordings, with
probe separationl 55.0 mm and at Ra52.23109. These
time series clearly show that the degree of correlation
tween temperature fluctuations at the two probe positi
increases as they move away from the boundary. A mea
of this degree of correlation is the cross-correlation coe
cientR(z)5Cz(t0), whereCz(t0) is the amplitude~or maxi-
mum value! of the cross-correlation function

FIG. 2. Normalized temperature fluctuations recorded by t
thermistors at different vertical positions with separationl

55.0 mm and Ra52.23109. Solid line represents the upper prob
temperature and dashed line that of the lower probe.
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Cz~t!5
^dT1~ t !dT2~ t1t!&

@^~dT1!2&^~dT2!2&#1/2 ~1!

of the lower probe temperatureT1(t) and that of the upper
probeT2(t). Figure 3 shows two cross-correlation functio
measured at Ra52.23109 with z5 ~a! 1.2 mm and~b! 5.0
mm. It is clear from the figure that the amplitudeR ~indi-
cated by the arrow! increases with increasing probe distan
from the lower plate. Note also from the figure that the pe
positiont0, which represents the most probable delay tim
is negative. This will be addressed in Sec. III B. Figure
shows a profile of the correlation coefficientR(z) with the
distancez, measured at Ra57.13109. It is seen clearly that
R(z) increases monotonically withz, and as the probes mov
further away from the surfaceR starts to level off. The
‘‘turning point’’ in the profile is an indication that the lowe
probe (T1) has emerged from the shear layer and this po
tion may be used as a measure of the viscous layer thickn
Outside the viscous boundary layer, the mean horizontal
locity decreases and eventually becomes zero at the cell
ter. But it does so gradually such that~at each heightz) its
variation over a distance of the order of the probe separa
l is small, and this is why the two-probe correlation reta
its maximum value in this region.

It is also interesting to note that near the plateR(z) has a
linear dependence onz ~inset of Fig. 4!. This can be under-
stood as follows. Inside the viscous boundary layer,

o

FIG. 3. The cross-correlation function of temperature fluctu
tions with l 53.58 mm and Ra52.23109, at ~a! z51.2 mm and
~b! z55.0 mm. R is the amplitude of the correlation function an
t0 is the most probable delay time.
8-3



n
ys
on
ic
r

t
b
e
ee
al

ry
-
rn

e
e
b
la
ye

u
e
e
rr
o

n

ig.

re-
t in
ich

on-
rties
er

d
rd-
ted
e
alue

al
. 3,
.
ture
ding

e
ugh
late.
ntal

al
yer
are
ct

liza-

yer

SHENG-QI ZHOU AND KE-QING XIA PHYSICAL REVIEW E63 046308
horizontal velocity increases linearly with a large gradie
~large shear rate!, whereas outside it the velocity deca
much more slowly~and can even be approximated as a c
stant over a distance of the order of the boundary layer th
ness! @24,7#. Because one probe is inside and the othe
outside the boundary layer, as the two traverse upward
gether the difference in horizontal velocities at the two pro
positions decreases linearly. This leads to a linear increas
the degree of correlation in temperature fluctuations betw
the two positions. This feature prompted us to operation
define a length scaledR similar to the definition for the vis-
cous boundary layer thicknessdy using a true velocity profile
@24#: we simply extrapolate the linear part ofR(z) near the
surface and the horizontal line far away from the bounda
and denote the intersection point asdR . This procedure es
sentially allows one to determine the above-mentioned tu
ing point in a consistent way. For the profile in Fig. 4,dR
52.66 mm, which is in excellent agreement withdy
52.65 mm measured by the light scattering technique@7#.
We show in Fig. 5 the dependence ofdR on Ra, along with
that for dy from direct measurement. It is clear from th
figure that, within the range of Ra spanned in the pres
cell, dR obtained using the two-thermistor method can
used as an alternative measure for the viscous boundary
thickness. In Fig. 5 we also plot the thermal boundary la
thicknessd th for comparison.

From the principle of the technique, it should be obvio
that the separationl of the two probes has no quantitativ
bearing on the measureddR as long as it is larger than th
viscous layer thickness, and not too large so that the co
lation of the two signals will still have a reasonable level
signal to noise ratio. To verify this, we variedl between 1.7
and 7 mm and found that asl is decreased the correlatio
between the two probes is increased so thatR(z) profiles
such as the one shown in Fig. 4 become smoother~less data
scattering!, and that the best result is achieved whenl is just

FIG. 4. The profile ofR vs z at Ra57.13109. The inset shows
an enlarged portion near the boundary.
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slightly larger than the viscous layer thickness. So thisl is
taken as the optimum value. In fact, the various points in F
5 were obtained with several values ofl , i.e., largerl for
lower Ra and smallerl for higher Ra, butl is fixed for the
same Ra.

It is clear from the above discussion that our method
quires only the existence of a mean flow that is dominan
the horizontal direction near the conducting surfaces, wh
is a well-established feature of high Rayleigh number c
vection. And no assumptions are made about the prope
of the thermal plumes, which may behave differently und
different Prandtl numbers@9#. Hence, this technique shoul
apply to any fluid in the turbulent convection regime rega
less of the value of the Prandtl number. It should be no
that this method is different in principle from most in-lin
cross-correlation flowmeters and does not measure the v
of the velocity either directly or indirectly.

B. Measurement of the mixing zone

We discuss now the interaction between the therm
plumes and the large-scale circulation. As shown in Fig
the peak positiont0 of the correlation function is negative
t0 represents the most probable delay time for a tempera
disturbance to pass the two probes in succession. Accor
to the definition of the cross-correlation functionC(t), a
negativet0 implies that most ‘‘thermal objects’’ passed th
upper probe before they reached the lower one, even tho
our measurements were conducted near the bottom p
This can be understood as follows. Because of the horizo
velocity gradient near the boundary, the top part of a therm
plume that is detached from the thermal boundary la
moves faster than the lower part. Therefore, the plumes
tilted while being advected downstream horizontally. In fa
this has been observed previously in shadowgraph visua
tions by Zocchiet al. @25#. We depict this in the cartoon in

FIG. 5. Ra dependence ofdR ~circles! as obtained from theR(z)
profile and the viscous boundary layer thicknessdv ~squares! ob-
tained by the light scattering technique. The thermal boundary la
d th ~triangles! is shown for comparison.
8-4
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FIG. 6. A cartoon depicting
the interaction between therma
plumes and the large-scale mea
flow in the boundary layer region
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Fig. 6, where the tilted plumes are seen to reach the up
probe before the lower one and thus give rise to a nega
delay time in the cross-correlation function. Because
mean flow is predominantly along the horizontal direction
the boundary layer region, the tilt of the plumes is mo
severe in this region, which means thatt0 is most negative
there.

In Fig. 7 we show a profile oft0 vs z at Ra57.13109. It
is seen clearly from the figure thatt0 is smallest~most nega-
tive! near the bottom plate, increases to about zero with
creasingz, and then decreases again. Att0.0 the profile has
a well-defined peak and this is found to be the case for
Rayleigh numbers measured. The behavior oft0 can be un-
derstood as follows. Near the boundary the vertical com
nent of the velocity is negligible, so the average tilt of t
plumes is largely determined by the horizontal velocity g
dient. Outside the boundary layer, the vertical velocity sta
to increase while the horizontal one decreases; this resul
an increase int0. Finally, the vertical velocity reaches it
maximum value and starts to decay along with the horizo
one, at which pointt0 reaches its maximum value (.0).

FIG. 7. The profile oft0 vs z at Ra57.13109.
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After t0 has reached its maximum value, it starts to decre
again, reflecting the fact that both the vertical and horizon
components are decreasing in this region but the horizo
one is always larger@26# ~this is also the reason whyt0
never becomes significantly positive!.

The position of the maximumt0 defines a length scale
dd . As dd corresponds approximately to the position of t
maximum vertical velocity, it may be associated with t
upper boundary of the mixing zone first proposed by Cas
ing et al. for the hard turbulence state@18#. In their original
model, the authors argued that the mixing zone is where
~vertical! velocity of the fluid is accelerated to its value in th
central region. The existence of a mixing region has be
confirmed by visualization studies@25#, but to our knowl-
edge its width has not been quantitatively measured. If
length scaledd can be used to indicate the top boundary
the mixing zone, then we can define the width of the zone
dm5dd2d th , whered th is the thermal boundary layer thick
ness. Figure 8 showsdm as a function of Ra~solid circles!
together with the theoretical predictionl m52L3Ra21/7 by

FIG. 8. dm as a function of Ra. The dashed line is the theoreti
predictionl m52L3Ra21/7 for the width of the mixing zone.
8-5
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SHENG-QI ZHOU AND KE-QING XIA PHYSICAL REVIEW E63 046308
Procacciaet al. @19#. It is remarkable that the two agree s
well without any fitting parameter. Note also thatdm is much
larger than any boundary layer length scales measured in
convection cell~see Fig. 5, for example!. We would like to
caution, however, that, since the prefactor determined in R
@19# is for a fluid with Pr.1 whereas in our experiment P
.7, the almost perfect agreement could be accidental~of
course, it could also mean that the width of the mixing zo
is not sensitive to Pr!.

IV. CONCLUSION

By measuring the spatial correlation of temperature fl
tuations between two thermistor probes spaced perpendic
to the flow direction, we are able to determine the visco
boundary layer thickness in a Rayleigh-Be´nard convection
cell in water. The results obtained are in excellent agreem
with those measured by the direct light scattering techniq
The technique takes advantage of the existence of a pred
nantly horizontal coherent mean flow near conducting pla
and should be applicable to any fluid in the turbulent co
vection regime. At a minimum, it can serve as a cross-ch
to the power spectra method. Presently, experiments ai
at testing this method in other nonaqueous fluids with diff
ll

tt.

y
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By studying the most probable delay time for a therm

disturbance to pass the two probes in succession, we ob
information about the interplay between coherent therm
structures~plumes and thermals! and the large-scale flow
We further identify a length scale from the profile of th
delay time as measured by the correlation function. We
sociate this length with the width of the mixing zone and fi
excellent agreement with theoretical predictions.

Through the determination of the above two length sca
it is seen that much can be learned by studying the prope
of spatial correlation in temperature fluctuations, which a
manifestations of the interplay between coherent thermal
jects and the large-scale circulation in the convection c
With this contribution, we hope to stimulate more multipoi
measurements to probe the spatial structures in turbu
convection.
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